Algebraic structure of the group of pseudo-isotopy classes of diffeomorphisms of the trivial disk bundle over the standard sphere which restrict to the identity map on the boundary is determined.
Introduction
Let M be an oriented smooth manifold with non-empty boundary ∂M. We consider the group of pseudo-isotopy classes of diffeomorphisms of M which restrict to the identity map on the boundary. Recall that two diffeomorphisms f 0 , f 1 ∈ Diff(M) which keep ∂M pointwise fixed are called pseudoisotopic (rel boundary) if there exists a diffeomorphism Φ : M × I −→ M × I such that Φ| M ×{0} = f 0 , Φ| M ×{1} = f 1 and Φ| ∂M ×I = Id. We write f 0 ∼ f 1 to indicate that f 0 is pseudo-isotopic to f 1 . Such diffeomorphisms are of course orientation preserving and if dim(M) = 2, the group is known as the classical mapping class group of a surface. We will also call the group of pseudo-isotopy classes of diffeomorphisms of M which are fixed on the boundary as the (relative) mapping class group and denote it byπ 0 Diff(M, rel ∂).
Not much is known about these groups in higher dimensions and the goal of this work was to determine such a group for the trivial disk bundles over the standard spheres (see Theorem 1 at the end). For the handlebodies in general, the pseudo-isotopy classes of diffeomorphisms with no constraint on the boundary had been studied by Wall in [14] . The corresponding group is denoted byπ 0 Diff(M). Our approach here will be based on the results of Levine [7] and Sato [10] who determined the mapping class group of S p × S q up to extension (cf. also work of Turner, [12] ).
Integer coefficients are understood for all homology groups, unless otherwise stated, and symbols ≃ and ∼ = are used to denote diffeomorphism and isomorphism respectively. We will follow notations of [10] and denote bỹ π 0 SDiff(S p × S q ) the subgroup ofπ 0 Diff(S p × S q ) which consists of classes with representatives that induce trivial action on the homology. The hcobordism classes of all homotopy m-spheres form an abelian group under the connected sum operation and we denote such a group by Θ m (see [5] for details).
Given a manifold M with non-empty boundary, one can consider the double DM of M defined as DM := ∂(M × I). DM is a closed manifold with the canonically defined smooth structure (cf. [8] ). Since ∂(M × I) ≃ M × {0} ∪ (∂M) × I ∪ M × {1} and (∂M) × I ∪ M × {1} ≃ M (which we will denote by M + ), one can also think of the double as of the union of two copies of M glued together along the boundary:
, then one can use the identity map to extend ϕ to a diffeomorphismφ of DM.
To be more precise, we definẽ
This construction gives a map Diff(M, rel ∂) −→ Diff(DM), which induces a homomorphism ω :
The following proposition generalizes Theorem 2 of [4] .
Proof. If ϕ ∈π 0 Diff(M, rel ∂) andφ ∼ Id, then there exists an extension Φ ∈ Diff(M ×I) ofφ ∈ Diff(∂(M ×I)). Since Φ is equal to ϕ on M ×{0} and the identity map on ∂(M) × I ∪ M × {1}, this Φ is a relative pseudo-isotopy that connects ϕ with Id.
It is easy to see thatπ 0 Diff( [10] , Theorem I or [7] , §1.2). Since the extension diffeomorphismφ fixes
defined by Sato as follows (cf. [10] , §3):
follows from the Hurewicz theorem and the result of Haefliger [2] that there exists a diffeomorphism f ′ ∼ f which is the identity on S p × z. Furthermore, if we take the tubular neighborhood S p × D q of the sphere S p × z, then by the tubular neighborhood theorem we can assume that f ′ is isotopic to f
Denote the inclusion map SO(q) ֒→ SO(q + 1) by S and the homotopy class of b(f ) by [b(f )] ∈ π p (SO(q)), then B is defined by the formula: [10] for the details). It is easily deduced from §4 of [10] that this construction induces a monomorphism ι r :
Furthermore, let us denote by FC p+1 q , the group of the pseudo-isotopy classes of orientation preserving embeddings of S q × D p+1 in S q+p+1 . This group was introduced by Haefliger and the reader will find all the details in §5 of [3] . Here we only mention that FC p+1 q ∼ = π q (SO(p + 1)), when q < 2p (see [3] , Corollaries 5.9 & 6.6).
Proof. Assume first that p < q, then we have the exact sequence (see [10] , Theorem II or [7] , Theorem 2.4):
Since the diffeomorphismφ fixes
. Sato had shown (see [10] , Lemma 3.3) that for any element [u] ∈ Ker(B) one can find a representative u ∈ Diff(S p × S q ) such that u| S p ×D q + = Id, and thereforẽ
Let now p be larger than q. 
Lemma 2.
acts trivially on the homology, it follows from Theorem 5.1 of [1] thatφ is either pseudo-isotopic to the identity or the diffeomorphism
is a smooth generator of π 1 (SO(3)) ∼ = Z 2 . If we hadφ ∼ T , thenφ would extend to a diffeomorphism of S 1 × D 3 , and therefore would be pseudo-isotopic to the identity map.
Here we also can assume thatπ 0 Diff(S 1 × D q , rel ∂) ⊂ Ker(B) and according to Proposition 6.3 of [10] , the latter group is isomorphic to
which is a monomorphism (see Proposition 6.2 of [10] ). Since Θ q+2 is also a subgroup ofπ 0 Diff(M, rel ∂), we see thatπ 0 Diff(
As the generator of this group, one can take the homeomorphism T of (3)) is as above. Since Θ 4 ∼ = {0}, we can assume for the rest of our proof that p ≥ 3. Sincẽ π 0 Diff(M, rel ∂) ֒→π 0 SDiff(DM) and using once again the generalized Dehn twist (x, y) → (α(y) • x, y) ∈ S p × I with [α] = a smooth generator of π 1 (SO(p + 1)), it is easy to see that B • ω is an epimorphism, i.e. Im(
. According to Sato ([10] , §6), we have the exact sequence
where map K was just defined in the paragraph above and C is the inverse map to the monomorphism ι r which has been mentioned at the beginning (all the details regarding the homomorphism C can be found in §4 of [10] ). If we have [φ] ∈ Ker(C), then we can assume that there exists f ∈ Diff(S p × S 1 ) such that f ∼φ and f (x, y) = (g(x), y)
In this case we could extendφ to a diffeomorphism of
Consider now a parallelizable 2p−manifold F , which is obtained by gluing µ handles of index p ≥ 2 to the 2p−disk and rounding the corners:
Evidently S p × D p is an example of such a manifold. Given now a diffeomorphism ϕ of F which is the identity map on ∂F , one can consider the variation homomorphism Var(ϕ) : (6)) is trivial and for all other p ≥ 3 the groups Sπ p (SO(p)) are given in the table below (see [6] , p. 644):
